INTRODUCTION
Buckling of beams subjected to compression represents an important topic in the fields of mechanical, structural and aeronautical engineering. The calculation of critical buckling loads pays a crucial role for such a compression members which are the object of many studies including static, dynamic and stability ones. Exact analytical solutions are available especially for particular uniform beams in the case of usual boundary conditions. Such solutions were resumed in several books as [1] [2] [3] . Apart from FEM, different numerical approaches have been developed for beams with variable flexural rigidity or with continuous restraints. For instant, one can enumerate the energy methods, finite difference method [4] , DQM (differential quadrature method, [5] ), VIM (variational iteration method, [6] ) and HAM (homotopy perturbation method, [7] ). The structural flexibility functions (Green's functions) and their use in the structural static, dynamic, stability and aeroelastic analysis of beam like structures were presented in several works as [8] [9] [10] [11] [12] . The equation describing the bending deflection w(x) of a non-uniform beam having bending stiffness EI(x) and resting on an elastic foundation (characterised by the constant k), subjected to constant axial compression force P and transverse distributed force p(x) (see Fig. 1 ), takes the form [7] : 
In order to obtain critical buckling loads, starting from the above differential equation, this work analyzes several beam configurations with different boundary conditions, including or not the presence of an elastic foundation and loaded in compression. The equation governing the bending behavior of the beam is solved using an integral form based on Green's functions. This approach leads to an eigenvalues problem allowing the computation of the critical buckling loads. Several examples are then discussed in comparison with available results from literature. 
INTEGRAL FORMULATION OF DIFFERENTIAL EQUATIONS
The simplest form of differential equation for static bending displacement w(x) of a straight beam loaded by the transverse load p(x), is:
It can take the following integral form, based on the use of structural flexibility functions (Green's functions) [8] [9] [10] :
where Gw(x,ξ) is the Green's function with the meaning of bending deflection w at location x on the beam due to a transverse unit force applied at location ξ on the same beam. Choosing n collocation points on the beam, the relation (3) takes the matrix form:
where:
[Gw] is a (n,n) dimension matrix with the Green's functions values Gw(xi,ξj),
[W] is a (n,n) diagonal weighting matrix containing the weighting numbers Wi, corresponding to Simpson method of integration, {w} and {p} are column vectors containing bending deflections w(ξj) and the distributed forces p(ξj) respectively. For the case when the external distributed load p(x) = 0, the equation (1) is re-written as: 
where [D2] is a (n,n) differentiation matrix used to obtain the second derivative of the bending deflection w. Using the notations:
after a left multiplication of (6) with the matrix [G1] one obtains the relation:
where [In] is the (n,n) unity matrix. Relation (8) represents an n dimensional eigenvalues and eigenvectors problem of the form:
The critical buckling loads λ = -Pcr are the eigenvalues λ of the matrix [An] .
As was showed in [10] , the dimension of the eigenvalues problem (9) can be reduced using collocation functions, by writing the bending displacement w in the form:
with fk(x) a number of p known functions and p constant coefficients Ck. Then, for the n chosen collocation points, one can obtain the following relations: ' ' k f in the collocation points. Thus, the differentiating matrices are no more necessary and (6) can be written as:
Multiplying the above relation at left with the transpose of the matrix [F] and using the following notations:
the relation (12) becomes:
After a left multiplication of (14) with the inverse of the matrix [B1] one obtains:
where [Ip] is the (p,p) unity matrix. Relation (15) represents a p dimensional eigenvalues and eigenvectors problem of the form:
The critical buckling loads λ = -Pcr are now the eigenvalues λ of the matrix [Ap] .
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BUCKLING OF UNIFORM CROSS-SECTION BEAMS
The first examples for buckling load calculation concerning the uniform cross-section beams (EI = const.) are taken from [7] . The results are presented using two non-dimensional coefficients namely β (of the elastic foundation) and α a critical buckling load parameter:
The comparison of results is presented for five different usual boundary conditions (B.C.) shown in figure 2, namely P-P (pinned-pinned), C-F (clamped-free), C-P (clamped-pinned), C-C (clamped-clamped) and C-S (clamped-sliding restraint). Table 1 shows the results concerning the first two buckling modes when using n = 100 equally spaced collocation points on the beam. In this work, the necessary Green's functions values (the terms of the matrix [Gw]) are obtained using a specific approach from Strength of Materials, namely Mohr-Maxwell method. These values are bending displacements of the beam in static determinate system cases for S-S and C-F boundary conditions. For the other three boundary conditions cases, the bending displacements are numerically computed in static indeterminate systems. This calculation process consists in numerical integration which leads to a first source of errors, which are added to those of the subsequent calculations. Especially the numerical differentiation using the matrix [D2] is a source of numerical errors which can be avoided
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using the approach based on collocation points and collocation functions [10] . Some corrections were applied in the general matrix formulation (6) for the C-F and C-S beams, as in these two cases the application point (the beam tip) of the compression force P has also a transverse displacement. The results obtained are still in good agreement from engineering point of view.
As a special treatment has to be done in the case of a clamped-free beam, an example from [6] is analyzed. It concerns the study of buckling in the case of a clamped-free beam resting on a transverse spring of stiffness K located at the free end (Fig. 3) . The bending behavior of such a beam is in this case described by:
which has in the right hand a supplementary term, a bending moment Pw(L). By differentiation with respect to x, the above equation becomes:
represents a transverse concentrated force located at the end. A second differentiation with respect to x leads to:
It has the form (2) and neglecting the term containing ) ( ' ' L w its integral form is:
The second term of (21) takes into account the concentrated tip transverse force ) ( ' L Pw . In the same manner, the effect of the tip spring was added in the third term in (21). When using n collocation points, the matrix form of (21) is:
  * w G is a (n, n) sparse correction matrix used to obtain the first derivative of the bending deflection at beam end (x = L), in the form:
  * * w G is a (n, n) sparse correction matrix used to add the last term from (21) namely the contribution of the free end transverse spring (located at x = L). The collocation points xi are chosen equally spaced with the step Δx. The first point x1 is placed near the x = 0 and the last point is located exactly at the beam free end (xn = L). Using the notations:
after a left multiplication of (22) with the matrix [G3] one obtains the relation:
where [In] is the (n, n) unity matrix. Relation (25) represents a n dimensional eigenvalues and eigenvectors problem of the form:
The critical buckling loads λ = -Pcr are the eigenvalues λ of the matrix [Bn] . Using also the collocation functions approach, the matrix form for (21) becomes:
where   
after a left multiplication of (29) with the matrix [B5] one obtains:
where [Ap] is a (p,p) matrix whose eigenvalues λ are the critical buckling loads λ = -Pcr . The results are presented using two non-dimensional coefficients:
(32)
For the beam configuration presented in Fig. 3 , the results obtained with (26) and (31) for p = 10 collocation functions, are given in Tables 2 and 3 . All these results are in good agreement. The further increasing of K value leads to a bad conditioning of the eigenvalues problems (26) and (31).
BUCKLING OF NON-UNIFORM CROSS-SECTION BEAMS
As example, one consider a non-uniform cross-section beam with the bending stiffness EI0 at x = 0 and an exponential variation of the stiffness along the length:
or a power-low type variation of the form:
with a and b positive constants. The results obtained using the present formulation with n = 120 collocation points are compared with exact solutions given in [2] used for comparisons also in [4] in terms of the stability parameter:
Tables 4 to 7 present result comparisons for several cases given by different values of the a and b parameters. The used approach is based on collocation points only (n = 120). Good agreement was obtained also for these non-uniform beam cases concerning the stability analysis. Table 5 -Results for α parameter, bending stiffness given by (34) with a = 1 Table 6 -Results for α parameter, bending stiffness given by (34) with a = 2 
For other boundary conditions one uses the family of the mode shapes for transverse vibrations of uniform beams from [13] , based on Krylov-Duncan functions:
and:
For the C-F beam the collocation functions are of the form:
For the C-C beam the collocation functions are the next ones: 
CONCLUSIONS
This paper presents critical buckling load calculations of several beam cases with different boundary conditions. The differential equations governing the bending behavior of such beams are put in integral form based on the use of structural flexibility functions (Green's functions). The effects of an elastic foundation (according to the Winkler model) can be also considered in the formulation.
The necessary Green's functions are numerically computed for five different and usual boundary conditions using a specific integral method of Strength of Materials, for static determinate or static indeterminate cases. In fact the values of such a function are bending
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displacements in a collocation point of the beam due to a unit force applied in another collocation point(influence coefficients).
The integral formulation uses integration matrices based on Simpson's method. Differentiating matrices are also necessary in order to obtain the second derivatives of the bending deflections. The examples presented here show good agreement from engineering point of view when compare with the analytical results concerning the critical buckling loads.
The presented matrix approach is an interesting alternative in such stability analysis, their accuracy depending on the number of the used collocation points. In order to decrease the dimension of the eigenvalues problem and to reduce the errors that come from the differentiation process, the use of collocation functions can be also taken into account with good results. This approach is also easy to implement and to use for parametric studies in the case of buckling analysis of non-uniform beams with different end boundary conditions.
